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• Numbers and Sets.

• Representations of Functions.

• Domain & Range of Functions.

• Algebra of Functions.

• Increasing and Decreasing.

• Test for Even and Odd Functions.

• Types of Functions and their Graphs.

• Transformations of Functions.
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Chapter 1 Topics



Angels (1/6):

The angle is one of the basic concepts of trigonometry. It is 

common practice to use 𝜽 to represent angel. Angles 

between 0° and 90° are acute, and angles between 90° and 

180° are obtuse.
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Calculus



Angels (2/6):

In degree measure, 360 degrees represents a complete 

rotation of a ray. 
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Types of Fun. & Graph (14/18)
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Angels (3/6):

Using degree measurement in calculus is complicated. 

Fortunately, there is an alternative system, called radian 

measure (abbreviated as rad), that helps to keep the 

formulas for derivatives and antiderivatives as simple as 

possible.  
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unit circle

𝜽



Angels (4/6):

𝜋 “Pi”
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𝜋 =
𝐶

𝑑

where 𝑑 = 2𝑟

Derived from the first 
letter of the Greek 
word perimetros,
meaning circumference



Angels (5/6):

𝜋 “Pi”
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When a circle's diameter is 1, 

its circumference is 𝜋.



Angels (6/6):

Unit Circle
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Types of Fun. & Graph (14/18)
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unit circle—its circumference is 𝟐𝝅.



The First Thousand Digits of 𝝅:

π = 3.

14159265358979323846264338327950288419716939937510582097494459230781640628

62089986280348253421170679821480865132823066470938446095505822317253594081

28481117450284102701938521105559644622948954930381964428810975665933446128

47564823378678316527120190914564856692346034861045432664821339360726024914

12737245870066063155881748815209209628292540917153643678925903600113305305

48820466521384146951941511609433057270365759591953092186117381932611793105

11854807446237996274956735188575272489122793818301194912983367336244065664

30860213949463952247371907021798609437027705392171762931767523846748184676

69405132000568127145263560827785771342757789609173637178721468440901224953

43014654958537105079227968925892354201995611212902196086403441815981362977

47713099605187072113499999983729780499510597317328160963185950244594553469

08302642522308253344685035261931188171010003137838752886587533208381420617

17766914730359825349042875546873115956286388235378759375195778185778053217

1226806613001927876611195909216420198
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Trigonometric (1/16):

For an acute angle 𝜃, the six trigonometric functions are sine, 

cosine, tangent, cotangent, secant, and cosecant (abbreviated 

as sin, cos, tan, cot, sec, and csc, respectively):

10©Ahmed Hagag

Types of Fun. & Graph (16/18)

Calculus



Trigonometric (2/16):

A trigonometric identity is a relationship among the 

trigonometric functions. 
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Trigonometric (3/16):

The signs of the trigonometric functions for angles in each of 

the four quadrants can be remembered by means of the rule 

“All Students Take Calculus”
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Trigonometric (4/16):

𝑓 𝑥 = sin 𝑥

13©Ahmed Hagag

Types of Fun. & Graph (16/18)
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Periodic Function



Trigonometric (4/16):

𝑓 𝑥 = sin 𝑥
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Types of Fun. & Graph (16/18)

Calculus

Periodic Function

Note that: sin 𝑥 ± 2𝜋 = sin(𝑥)



Trigonometric (5/16):

𝑓 𝑥 = sin 𝑥
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Periodic Function

Domain = ? ? Range = ? ?



Trigonometric (5/16):

𝑓 𝑥 = sin 𝑥
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Types of Fun. & Graph (16/18)
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Periodic Function

Domain = ℝ Range = [−1,1]



Trigonometric (6/16):

𝑓 𝑥 = sin 𝑥
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Types of Fun. & Graph (16/18)

Calculus

Periodic Function

Odd or Even ??



Trigonometric (6/16):

𝑓 𝑥 = sin 𝑥
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Types of Fun. & Graph (16/18)
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Periodic Function

Odd 

𝑓 −𝑥 = −𝑓 𝑥



Trigonometric (7/16):

𝑓 𝑥 = cos 𝑥
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Types of Fun. & Graph (16/18)
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Periodic Function



Trigonometric (7/16):

𝑓 𝑥 = cos 𝑥
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Types of Fun. & Graph (16/18)

Calculus

Periodic Function

Note that: cos 𝑥 ± 2𝜋 = cos(𝑥)



Trigonometric (8/16):

𝑓 𝑥 = cos 𝑥
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Types of Fun. & Graph (16/18)

Calculus

Periodic Function

Domain = ? ? Range = ? ?



Trigonometric (8/16):

𝑓 𝑥 = cos 𝑥
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Periodic Function

Domain = ℝ Range = [−1,1]



Trigonometric (9/16):

𝑓 𝑥 = cos 𝑥
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Types of Fun. & Graph (16/18)

Calculus

Periodic Function

Odd or Even ??



Trigonometric (9/16):

𝑓 𝑥 = cos 𝑥
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Types of Fun. & Graph (16/18)
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Periodic Function

Even 

𝑓 −𝑥 = 𝑓 𝑥



Trigonometric (10/16):

𝑓 𝑥 = tan 𝑥
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Types of Fun. & Graph (16/18)
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Periodic Function



Trigonometric (10/16):

𝑓 𝑥 = tan 𝑥
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Periodic Function

Note that: tan 𝑥 ± 𝜋 = tan(𝑥)



Trigonometric (11/16):

𝑓 𝑥 = tan 𝑥
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Types of Fun. & Graph (16/18)

Calculus

Periodic Function

Domain = ? ? Range = ? ?



Trigonometric (11/16):

𝑓 𝑥 = tan 𝑥
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Types of Fun. & Graph (16/18)

Calculus

Periodic Function

Domain = ℝ− {±
𝜋

2
, ±

3𝜋

2
, ±

5𝜋

2
, … } Range = ℝ



Trigonometric (12/16):

𝑓 𝑥 = tan 𝑥
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Types of Fun. & Graph (16/18)

Calculus

Periodic Function

Odd or Even ??



Trigonometric (12/16):

𝑓 𝑥 = tan 𝑥
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Types of Fun. & Graph (16/18)

Calculus

Periodic Function

Odd 

𝑓 −𝑥 = −𝑓 𝑥



Trigonometric (13/16):

𝑓 𝑥 = cot 𝑥
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Types of Fun. & Graph (16/18)
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Periodic Function,      Period = 𝝅

Domain = ? ?

Range = ? ?

Odd or Even



Trigonometric (14/16):

𝑓 𝑥 = cot 𝑥
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Domain = ℝ− {0,±𝜋,±2𝜋,±3𝜋, … }

Range = ℝ

Odd 𝑓 −𝑥 = −𝑓 𝑥

Periodic Function,      Period = 𝝅

Note that: cot 𝑥 ± 𝜋 = cot(𝑥)



Trigonometric (15/16):

𝑓 𝑥 = csc 𝑥
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Calculus

Domain = ? ?

Range = ? ?

Odd or Even

Periodic Function,      Period = 𝟐𝝅



Trigonometric (15/16):

𝑓 𝑥 = csc 𝑥
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Domain = ℝ− {0,±𝜋,±2𝜋,±3𝜋, … }

Range = ℝ− (−1, 1)

Odd 𝑓 −𝑥 = −𝑓 𝑥

Periodic Function,      Period = 𝟐𝝅

Note that: csc 𝑥 ± 2𝜋 = csc(𝑥)



Trigonometric (16/16):

𝑓 𝑥 = sec 𝑥
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Calculus

Domain = ? ?

Range = ? ?

Odd or Even

Periodic Function,      Period = 𝟐𝝅



Trigonometric (16/16):

𝑓 𝑥 = sec 𝑥
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Domain = ℝ− {±
𝜋

2
, ±

3𝜋

2
, ±

5𝜋

2
, … }

Range = ℝ− (−1, 1)

Even 𝑓 −𝑥 = 𝑓 𝑥

Periodic Function,      Period = 𝟐𝝅

Note that: sec 𝑥 ± 2𝜋 = sec(𝑥)



Exponential (1/6):

The exponential functions are the functions of the form 

𝑓 𝑥 = 𝑎𝑥, where the base 𝑎 > 0 and 𝑎 ≠ 1.

𝑓 𝑥 = 2𝑥
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Exponential (2/6):

𝑓 𝑥 = 𝑎𝑥
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Exponential (3/6):

Types of Fun. & Graph (17/18)



Exponential (4/6):

The natural exponential function

𝑓 𝑥 = 𝑒𝑥
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Exponential (5/6):
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Exponential (6/6):

42©Ahmed Hagag

Types of Fun. & Graph (17/18)

Calculus



Logarithmic (1/12):

55 = 2 𝑥 , what is the value of 𝑥 ??
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Logarithmic (1/12):

55 = 2 𝑥 , what is the value of 𝑥 ??

Logarithms are defined for just this purpose.

For 𝑎 > 0, 𝑎 ≠ 1, and 𝑦 > 0,

𝒙 = 𝐥𝐨𝐠𝒂 𝒚 means 𝒚 = 𝒂𝒙
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Logarithmic (1/12):

55 = 2 𝑥 , what is the value of 𝑥 ??

Logarithms are defined for just this purpose.

For 𝑎 > 0, 𝑎 ≠ 1, and 𝑦 > 0,

𝒙 = 𝐥𝐨𝐠𝒂 𝒚 means 𝒚 = 𝒂𝒙
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55 = 2 𝑥 → 𝑥 = log2 55 ≈ 5.78135971352466



Logarithmic (2/12):

Logarithm's function 𝑓 𝑥 = log𝑎 𝑥.

For 𝑎 > 0, 𝑎 ≠ 1, and 𝑥 > 0, the logarithmic function of 

base 𝑎 is defined by

𝒇 𝒙 = 𝐥𝐨𝐠𝒂 𝒙
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Logarithmic (3/12):

𝑔 𝑥 = log2 𝑥.
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Logarithmic (4/12):

𝑦 = log𝑎 𝑥.
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Logarithmic (5/12):

Properties of Logarithms: Let 𝑥 and 𝑦 be any positive 

real numbers and 𝑟 be any real number. Let 𝑎 be a positive 

real number, 𝑎 ≠ 1. Then:
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Logarithmic (6/12):

Base 10 logarithms were called common logarithms.

𝐥𝐨𝐠𝟏𝟎 𝒙 is abbreviated   𝐥𝐨𝐠 𝒙

Base 𝑒 logarithms were called natural logarithms.

𝐥𝐨𝐠𝒆 𝒙 is abbreviated   𝐥𝐧 𝒙

50©Ahmed Hagag

Types of Fun. & Graph (18/18)

Calculus



Logarithmic (7/12):

𝑓 𝑥 = 𝐥𝐧𝒙
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Logarithmic (8/12):

Base 𝑒 logarithms were called natural logarithms.

𝐥𝐨𝐠𝒆 𝒙 is abbreviated   𝐥𝐧 𝒙

𝑦 = ln 𝑥 → 𝑒𝑦 = 𝑥

log𝑒 𝑒 = 1 → ln 𝑒 = 1

𝑒ln 𝑥 = 𝑥
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Logarithmic (9/12):

Find the value of 𝑥 if   𝟑𝒙 = 𝟓

ln 3𝑥 = ln 5

𝑥 ln 3 = ln 5

𝑥 =
ln 5

ln 3
≈1.464973520718
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Logarithmic (10/12):

Find the value of 𝑥 if   𝐥𝐧
𝒙

𝟐
= 𝟓
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Logarithmic (11/12):

Find the value of 𝑥 if   𝐥𝐧
𝒙

𝟐
= 𝟓

ln 𝑥 − ln 2 = 5
ln 𝑥 = 5 + ln 2
ln 𝑥 = 5 + ln 2 ≈ 5.693147181

𝑒ln 𝑥 = 𝑒5.693147181

𝑥 = 𝑒5.693147181 ≈ 296.82631834
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Logarithmic (12/12):

Change of Base Formula

If 𝑥 is any positive number and if 𝑎 and 𝑏 are positive real 

numbers, 𝑎 ≠ 1, 𝑏 ≠ 1, then

Find the value 𝐥𝐨𝐠𝟐 𝟑𝟕 ?
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Logarithmic (12/12):

Change of Base Formula

If 𝑥 is any positive number and if 𝑎 and 𝑏 are positive real 

numbers, 𝑎 ≠ 1, 𝑏 ≠ 1, then

Find the value 𝐥𝐨𝐠𝟐 𝟑𝟕 ?

=
ln 37

ln 2
=
log 37

log 2
≈ 5.20945336563
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Vertical and Horizontal Shifts (1/4):

• Suppose 𝑐 > 0. To obtain the graph of
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Transformations of Funs. (1/2)



Vertical and Horizontal Shifts (2/4):
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Transformations of Funs. (1/2)



Vertical and Horizontal Shifts (3/4):

• 𝑦 = 𝑥2 + 2
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Transformations of Funs. (1/2)



Vertical and Horizontal Shifts (4/4):

• 𝑦 = (𝑥 + 2)2
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Transformations of Funs. (1/2)



Vertical and Horizontal Stretching and Reflecting (1/6):

• Suppose 𝑐 > 1. To obtain the graph of
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Transformations of Funs. (2/2)



Vertical and Horizontal Stretching and Reflecting (2/6):
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Transformations of Funs. (2/2)



Vertical and Horizontal Stretching and Reflecting (3/6):
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Transformations of Funs. (2/2)



Vertical and Horizontal Stretching and Reflecting (3/6):
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Transformations of Funs. (2/2)



Vertical and Horizontal Stretching and Reflecting (4/6):
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Transformations of Funs. (2/2)



Vertical and Horizontal Stretching and Reflecting (5/6):

Starting with 𝑓 𝑥 = 𝑥2 to graph 𝑔 𝑥 = 𝑥 − 1 2 + 2
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Transformations of Funs. (2/2)
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𝑓 𝑥 = 𝑥2



Vertical and Horizontal Stretching and Reflecting (5/6):

Starting with 𝑓 𝑥 = 𝑥2 to graph 𝑔 𝑥 = 𝑥 − 1 2 + 2
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Calculus

𝑓 𝑥 = 𝑥2

𝑔1 𝑥 = 𝑥 − 1 2



Vertical and Horizontal Stretching and Reflecting (5/6):

Starting with 𝑓 𝑥 = 𝑥2 to graph 𝑔 𝑥 = 𝑥 − 1 2 + 2
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Transformations of Funs. (2/2)

Calculus

𝑓 𝑥 = 𝑥2

𝑔1 𝑥 = 𝑥 − 1 2

𝑔 𝑥 = 𝑥 − 1 2 + 2



Vertical and Horizontal Stretching and Reflecting (6/6):

Starting with 𝑓 𝑥 = 𝑥2 to graph 𝑔 𝑥 = 1 − 𝑥 + 3 2
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Transformations of Funs. (2/2)
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𝑓 𝑥 = 𝑥2



Vertical and Horizontal Stretching and Reflecting (6/6):

Starting with 𝑓 𝑥 = 𝑥2 to graph 𝑔 𝑥 = 1 − 𝑥 + 3 2
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Transformations of Funs. (2/2)
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𝑓 𝑥 = 𝑥2

𝑔1 𝑥 = 𝑥 + 3 2



Vertical and Horizontal Stretching and Reflecting (6/6):

Starting with 𝑓 𝑥 = 𝑥2 to graph 𝑔 𝑥 = 1 − 𝑥 + 3 2
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Transformations of Funs. (2/2)

Calculus

𝑓 𝑥 = 𝑥2

𝑔1 𝑥 = 𝑥 + 3 2

𝑔2 𝑥 = − 𝑥 + 3 2



Vertical and Horizontal Stretching and Reflecting (6/6):

Starting with 𝑓 𝑥 = 𝑥2 to graph 𝑔 𝑥 = 1 − 𝑥 + 3 2
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Transformations of Funs. (2/2)

Calculus

𝑓 𝑥 = 𝑥2

𝑔1 𝑥 = 𝑥 + 3 2

𝑔2 𝑥 = − 𝑥 + 3 2

𝑔 𝑥 = 1 − 𝑥 + 3 2



Video Lectures

https://www.youtube.com/playlist?list=PLxIvc-MGOs6gkSl_PPAVJpebKDLo-ijECAll Lectures: 

Lecture #3:  https://www.youtube.com/watch?v=y8BYQmVM-zo&list=PLxIvc-

MGOs6gkSl_PPAVJpebKDLo-ijEC&index=4
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https://www.youtube.com/playlist?list=PLxIvc-MGOs6gkSl_PPAVJpebKDLo-ijEC
https://www.youtube.com/watch?v=y8BYQmVM-zo&list=PLxIvc-MGOs6gkSl_PPAVJpebKDLo-ijEC&index=4
https://www.youtube.com/watch?v=y8BYQmVM-zo&list=PLxIvc-MGOs6gkSl_PPAVJpebKDLo-ijEC&index=4


Dr. Ahmed Hagag
ahagag@fci.bu.edu.eg
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